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Yang-Baxter matrix and *-calculi on quantum groups of
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Xijao-Dong Sun and Shi-Kun Wang

CCAST (World laboratory), PO Box 3730, Beijing 100080, People’s Republic of China
and

Institute of Applied Mathematics, Academia Sinica, Beijing 100080, People’s Republic
of China

Received 21 September 1992

Abstract. In this letter, we prove that the differential calculi on quanturn groups of -
Ac-series givenp in this letter and in previous papers are =-calculi,

It is well known that from the Yang-Baxter matrix

N N
Ry=¢M | 3" a'vey®e;+(a-q7") 3 e @ey get (1)
ij=1 =1
[

we can construct a quantum group of A-series [1]. The coordinate ring of GL, (N} is
generated on C by (Det, T)~', the inverse element of quantum determinant Det, T
and t;; (¢, =1,2,..., N) which satisfy the relation

RquTz — TZTIRQ . (2)

If the relation Det, T =1 is added, we obtain the quantam group SL (N).

Recently, differential calculi on quantum planes and quantum groups have been
discussed in many papers: Wess and Zumino gave the general methods to study
differential calculi on quantum planes [2], Woronowicz provided basic theory of
differential calculi on quantum groups [3] and many other peopie gave methods to
construct differential calculi on quantum groups (such as [4] and [5]), but the *-calculi
have not been discussed very much. In this letter, we give the differential calculi on
the quantum group SU, (V) as an extension of the results of [6-8] and prove that
these differential calculi and the differential calcuius given in [9] are =-calculi,. We
will point out that the Yang-Baxter matrix plays a very important role in the *-calculi
on quanium groups.

Let 920 be the coordinate ring of the A-series'quantum group 4. The first-order
differential calculus is denoted by {Q!, d}, where Q! is a bimodule of Q% and d is a
linear operator from Q° to ! satisfying;

0305-4470/93/060293+05507.50 © 1993 IOP Publishing Ltd L2093



L294 Letter to the Editor

(i) Leibnitz rule d(xy) = (dz)y + ¢ dy, Yz,y € QY

(ii) for an arbitrary element p in ', there always exist some elements x ., y; € .4
(k=1,2,..., M) such that p = T8, =, dy,.

On the quantum group of A-series, we have two sets of v-B linear functionals
L* = (If g, s defined by

(L*,T)= X, PR,P (L=, T)= x'R;! A EC 3)

where P is the permutation matrix. If A denotes the quantum group SL (N), we
must require Af = MY == 1, Furthermore, if we introduce two sets of functionals on
009 as follows:

1
i = P q_l(s(li_k)lzj - ‘5',‘5) C)

Ok = SUENS, (5
where 4,5, k, 1 =1,2,..., N, S is the antipode, then we have:

Proposition 1.1, For Y,y e Q% 4,5,k,l,u,v=1,2,...,N, we have:

(i) Vi; (1) =0, 6;53(1) = 6,365,

(i) AV, =V, ® 0,4 + £ Vi, Db = 05540 @ Ouyirs

(i) V.‘j*(xy) = (vuv*m)(euvij*y)“l'm(vij*y)a 9,‘jk1*($y) = (95juu*‘5)(euuki*y)-

The proof of proposition 1.1 can be found in [7). Let Q! be the left module
generated by w¥ (4,7 = 1,2,...,N); therefore the first-order differential calculus
on A is given by

de = (V;; )t (%)
Wi oz = (85 % ) VeeQ® 4,4,ki=12,....,N. (7
From the discussion in [8), we know (6) and (7) in fact give the first-order

bicovariant differential calculus on the quantum group of A-series. Furthermore the
quantum de Rham complex on .4 is defined by

Q* = Q% /{ker(1 - g)} (8)
where
ker(1- o) = [(R+ @ Ex)(R+ ¢ 2En)] iy w @ wh!

&, B,7, 6,0, 4,k L= 1,2,..., N ©)
and

R = (PR} )u( Ry Pl PR;1)34(PR;‘)531 . 0

From (9) and (10), it can be seen that the Y-B matrix plays a very important role in
the construction of the quantum de Rham complex.

Based on the property of the Y-B matrix R, of A-series, we have the following
important proposition:
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Proposition 1.2. Let V,; and 6, (i,5.k,0 = 1,2,...,N) be defined by (4)
and (5). We have
Viiltay) = Vji(ty,) B;5ki(tas) = 0k (Tha) &,k le,6=12,...,N.

Remark:. For the definition of bicovariant differential calcuius on quantum groups,
see [3].
If we introduce an operator +: Q0 — Q° to SL () satisfying

T = S(T)! 1

where § is the antipode, then the quantum group SU,(N) is obtained. If the
operator can be extended to an operator on the quantum de Rham complex OQ*

satisfying
(prApp) =(-1)"Bp3Ap}  (dp)* =d(p")  pip1 2" (12

where k, and k, are the orders of p; and p, respectively, then (©2!.d) is called
a s-calculus. According to the basic theory of the quantum matrix group of
Woronowwz [3], (Q‘ d) is a s-calculus <= S(H)* C H, where H = kere N
Ny, ketV,; ], ¢ is the co-unit.
y [8], 1f we denote the set of the generators of the right ideal 7 by A, then for
the quantum group SU (N), the elements of A can be written as

gabcd = tabtcd - vi](tabtcd)(M—l)gitkl - Cabcd
where
M = Vilty) Ciabed = (tapteq ~ Vij(tapted M) -
By (11), we know
S(t;;)" =1y,
By proposition 1.2, we have
Vii(tastea) = 0i500(tap) Vir(tea) — 625V (Fea) = Vi(Epatae)
(M1 = (M-
Therefore

S(‘sabcd)* = ‘Ebatic

ie. S{A)Y = A, and then we straightforwardly have S{#*)* C . Hence we have
proved that the differential calculus on SU,(N) is a »-calculus. Therefore we have
N differential *-calculi on SU, (N) different from each other by the choice of the
product v = A A_ (»V = 1)

The construction of the quantum Lorentz group was first given by Podlés and
Woronowicz [10], and then discussed in some other papers. In fact the quantum
Lorentz group can be treated as SL,(2,C), the complex version of SL,(2). The
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coordinate ring of a quantum Lorentz group is generated by 8 elements ¢;; and ¢;;
(¢,7 = 1,2). If we arrange them into two 2 x 2 matrices as

T -
T= ( f‘) T = (ti5)i5=12 T={t;)5=12
then the relations satisfied by these elements can be written as

ty=(8(t;:))" Det,T=tyln—qlipliy =1  Det,T = tjjiz—qipty =1
and

RT,T, = TR (13)
where R = (R:g,)a be,d=1,2,1,3
R =RY RE=(RHYM]  RE=RE RE=(RHHY
i, J,A 1_.1 2

and R is 2 x 2 Y-B matrix of A-series and other elements of ® are zeros. It can be
checked that R also satisfies the Yang-Baxter equation,
We can define two sets of linear functionals by

(I, 1.4} = PRP (It =R! a,b,c,d=1,2,1,2.

We can also define V_; and 8, ; (a,b,¢,d = 1,2,1,2) by (4) and (5) as we have
done for SU (N).

The differential calculus on quantum Lorentz was discussed in [9], and the
elements of the generators set A corresponding to the quantum Lorentz group can
be written as

Eabed = taptea = Vig(tasted) (M) th — Copea

Eated = tapted — Vi (taptea) (M ‘U?ﬁ;f = Caied
where

M;?a = Via(t;;) Mkr = Vii(t;)

Crped = (tgptea — Vi (taptea (M~ Yyt

Cased = eltgpteg — Vig(Eapteg) (M 1) 'tm) .
After some computation we have

Vi (taptea (M = Vi (Lasteg) (M~ 1)
and

S(€apca)” = &sade 5(&a5ed)” = Lbade -

Therefore, S{A)* = A, and S(H)* C ‘H. Thus we have proved that the differential
calculus on the quantum Lorentz group given in [9] is a *-calculus.

It is a pleasure for us to thank J Wess and P P Kulish for valuable discussion. This
work is supported by the Natural Science Foundation of Academia Sinica. The main
part of this letter was contributed as a talk in June, 1992 at the 21st international
conference on differential geometric methods in theoretical physics, Tianjin, China.



Letter to the Editor |.297

References

f1]

(2
(3

4]
5]

[6]
m
(8]
]
{10]

Reshetikhin N Yu, Takhtadzhyan L A and Faddeev L D 1990 Quantization of Lie groups and Lie
algebras Leningrad Math. J. 1 193-224

Wess J and Zumino B 1990 Covariant differential calculus on the hyperplanes Preprint CERN-5697

Woronowicz § L 1989 Differential calenlus on compact matrix pseudogroups (quantum groups)
Commun. Math. Phys, 122 125-70

Juréo B 1991 Differential calcvlus on quantized simple Lie groups Leit. Math. Phys. 22 171-86

Carow-Watamura U, Schliecker M, Watamura S and Weich W 1991 Bicovariant differential calculus
on quantum groups SU,(N) and SO¢{N) Commun. Math. Phys. 142 605-41

Wu K and Zhang R J 1992 Differential calcolus on quantem matrix Lie groups Commun. Theor
Phys. 17 331

Sun X D and Wang S K 1992 Bicovariant differential calculus on the two-parameter quantum grouwp
GLp,(2) J. Math. Phys. 33(10) 3313-29

Sun X D and Wang S K 1992 Bicovariant differential calculus on quantum group GLq(N ) Preprint
CCAST-92-04, ASIAM-92-07, ASITP-92-12

Sun X D, Wang S K and Wu K 1992 Differential calculus on quantum Loxentz group Preprint
CCAST-92-14, ASITP-92-18, ASIAM-92-11

Podlés P and Woronowicz S L 1990 Quantum deformation of Lorentz group Commun. Math. Phys.
130 381



