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LETTER TO THE EDITOR 

Yang-Baxter matrix and *-calculi on quantum groups of 
A-series 

Xiao-Dong Sun and Shi-Kun Wang 
CCAST (World laburatov), PO Box 3730. Beijing 100080, People's Republic of China 
and 
Institute of Applied Mathematics, Academia Sinica, Beijing 1W080, People's Republic 
or China 

Received 21 September 1992 

Abstract. In this letter, we prove that the differential calculi on quantum groups of. 
A-series Biven in this letter and in previous papers are *-calculi. 

It is well known that from the Yang-Baxter matrix 

N 

R, = q'IN q6sJeii m ejj + ( q  - 4-l) e i j  8 e j i  (1) 
1.,=1 i!j=,l 

( . N  :>I 

we can construct a quantum group of A-series [l]. The coordinate ring of GL,(N) is 
generated on C by (Det,T)-', the inverse element of quantum determinant Det,T 
and tij (i, j = 1,2, .  . . , N) which satisfy the relation 

R,T,T, = T2TlR,. (2) 

If the relation Det,T = 1 is added, we obtain the quantum group SL,(N). 
Recently, differential calculi on quantum planes and quantum groups have been 

discussed in many papers: Wess and Zumino gave the general methods to study 
differential calculi on quantum planes [Z], Woronowicz provided basic theory of 
differential calculi on quantum groups [3] and many other people gave methods to 
construct differential calculi on quantum groups (such as [4] and [5]), but the *-calculi 
have not been discussed very much. In this letter, we give the differential calculi on 
the quantum group SU (N)  as an extension of the results of [ 6 4 ]  and pmve that 
these differential calcul? and the differential calculus given in [9] are *calculi. We 
will point out that the Yang-Baxter matrix plays a very important role in the *-calculi 
on quantum groups. 

Let Ro be the coordinate ring of the A-series'quantum group A. The first-order 
differential calculus is denoted by {R',d}, where R' is a bimodule of R" and d is a 
linear operator from 0" to 0' satisfying 
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(i) Leibnitz rule d(zy) = (dx)y t xdy, Vz,y E Ro, 
(ii) for an arbitrary element p in R', there always exist some elements x k r  yk E A 

On the quantum group of A-series, we have two sets of Y-B linear functionals 
(k = 1,2,. . . , A l )  such that p = CEl zk dy,. 

L* = (l$)IG,,j6N defined by 

(Lt,T) = X+PR,P ( L - , T )  = AI'R;' A * € @ '  (3) 
where P is the permutation matrix. If A denotes the quantum group SL,( N), we 
must require A: = A? = 1. Furthermore, if we introduce two sets of functionals on 
no as follows: 

(S(ILk)Ii ,  - 6 i j ~ )  (4) 

e i jk l  = s(iii)~J (5)  

1 v. .  = - 
V Q - ~ - I  

where i, j, k, I = 1,2,. . . , N, S is the antipode, then we have: 

Proposition 1.1. For Vx, y E Ro, i, j ,  k, 1 ,  U ,  v = 1,2, . . . , N, we have: 

(i) V . . ( l )  ZJ = 0, Bijkr(l) = 6 i k 6 j t ,  
(ii) AV,, = vu, 8 eYVij t E 8 v i j ,  ABijkr = 
(E) vij+("y) = (v,,*x)(e,,ij*y)t~(V,j*Y), e i j k l * ( x ~ )  = ( e i juv*wuuk ,*Y) .  

B euukl. 

The proof of proposition 1.1 can be found in [7]. Let R' be the left module 
generated by w i j  ( i , j  = 1,2, .  . . , N); therefore the fmt-order differential calculus 
on A is given by 

dx  = (V;j * z)u'j (6) .. 
w'J . x = ( e i j k l  * x)w k l  V x ~ R O i , j , k , l = 1 , 2  ,..., N .  (7) 

From the discussion in [8], we know (6) and (7) in fact give the first-order 
bicovariant differential calculus on the quantum group of A-series. Furthermore the 
quantum de Rham complex on A is defined by 

R A  = R@/{ker(l- U ) }  (8) 

where 

ker(1- U )  = [(Rt n2E, , ) (R+s -2EN, ) ] , j k l  e i 6 u i j  wkl  

cu ,p , - y ,6 , i , j , k ,L=  1,2 ,..., N (9) 

(10) 

and 

R = ( PR; )=( R; qI2( PR&( PR; )gl . 
From (9) and (lo), it can be seen that the Y-B matrix plays a very important role in 
the construction of the quantum de Rham complex. 

Based on the property of the Y-B matrix R, of A-series, we have the following 
important proposition: 
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Propositwn 1.2. Let V i j  and B i j k ,  ( i , j ,  k ,  1 = 1 , 2 , .  . . , N) be defined by (4) 
and (5). We have 

v i j ( t , r b ) = v j j ( t b = )  8 j j k r ( t a b ) = B j i l f ( t b . )  i , j , ~ , ~ , a , b = 1 , 2 , . . . , ~ .  

Remark. For the definition of bicovariant differential calculus on quantum groups, 
see [3]. 

If we introduce an operator t: R" - Ro to S L , ( N )  satisfying 

T' = S(T)t  (11) 

where S is the antipode, then the quantum group S U , ( N )  is obtained. If the * 
operator can be extended to an operator on the quantum de Rham complex RA 
satisfying 

(PI A&)' = ( - l )k lhd A d  (dp)'  = d ( p ' )  P,Pi,Pz E $2" (12) 

where k,  and kz are the orders of pl and p z  respectively, then ( 0 I . d )  is called 
a  calculus. According to the basic theory of the quantum matrix group of 
Woronowin [3], (al,d) is a *-calculus e S('H)* C_ 'H, where 'H = kers n {nr, lkerVij} ,  E: is the co-unit. 

b; [8], if we denote the set of the generators of the right ideal 31 by A, then for 
the quantum group SU,(N),  the elements of A can be written as 

c a b c d  = 'ab'cd - vi,(t,s'~d)(M-')";Ikl - 
where 

By (ll), we know 

By proposition 1.2, we have 

Therefore 

s ( < a b c d ) *  = ( b a d e  

Le. S(A)* = A, and then we straightforwardly have S('H)* 2 R. Hence we have 
proved that the differential calculus on S U , ( N )  is a *-calculus. Therefore we have 
N differential *-calculi on S U , ( N )  different from each other by the choice of the 
product r = x+x; (rN = 1). 

The Construcbon of the quantum Lorentz group was first given by Podl6s and 
Woronowin [lo], and then discussed in some other papers. In fact the quantum 
Lorentz group can be treated as SL,(2,@), the complex version of SL,(2). The 
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coordinate ring of a quantum Lorentz group is generated by 8 elements ti, and t;; 
( i , j  = 1,2). If we arrange them into two 2 x 2 matrices as 

T =  ( T  ?) T = (fi j) i , j=I,Z = ( + j ) i , j = 1 , 2  

then the relations satisfied by these elements can be written as 

ti; = (S(Q)* 
and 

A 

Det,T = tllt22-pt12t21 = 1 Det,T = t i i tB-pt j t t2i  = 1 

Ul,T2 = TZTR (13) 
where = ( U ~ ~ ) a , b , c , d = l , Z , ~ , $ 7  

.. .. % .  

R?' - @, Rz. = ( ( R . + ) - l ) ~ l  kl  - R?, = R;fl R$ = ((R+)-I)$ 
i , j , k , i  = 1,2 

and R is 2 x 2 Y-B matrix of Aeries and other elements of R are zeros. It can be 
checked that R also satisfies the Yang-Baxter equation. 

We can define two sets of linear functionah by 
( l ; tb , tCd)  = P E P  ( i T b , t C d )  =a-' a , b , c , d  = 1 , 2 , i , 2 .  

We can also define V,, and Qobcd ( u , b , c , d  = 1,2,i ,2) by (4) and (5) as we have 
done for S U , ( N ) .  

The differential calculus on quantum Lorentz was discussed in 191, and the 
elements of the generators set A corresponding to the quantum Lorentz group can 
be written as 

1 i j t  
Eobcd = t a b t c d  - v i j ( t d t c d ) ( A 4 -  ) b l  k l  - Cobcd .. 
[*&Ed = t ,gt ,d - V;;(t,~tf6)(M-')~~tiFr- C&&d 

where . .  .. 
'f - V  ( t . . )  M k l  - k l  r j  

Cabed = E ( t o b t c d  - v i j ( t a b t e d ) ( M - l ) " k : t k l )  

c - - -  obcd - - E ( t i 6 t , d - V ; . ( t , 6 t , 6 ) ( M - 1 ) ~ ~ t ~ i ) .  v 

M ?  kr - - V d t ; ; )  

., 
After some computation we have 

and 

s ( c a b c d ) *  = b i d e  s(<i6ed)* = (bodc ' 

Therefore, S(A)" = A, and S(31)' 31. Thus we have proved that the differential 
calculus on the quantum Lorentz group given in [9] is a *calculus. 

It is a pleasure for us to thank J Wess and P P Kulish for valuable discussion. This 
work is supported by the Natural Science Foundation of Academia Sinica. The main 
part of this letter was contributed as a talk in June, 1992 at the 21st international 
conference on differential geometric methods in theoretical physics, Tianjin, China. 
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